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cosine functions, Walsh functions, and block
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necessary to de s:un communications equipment around a concept of
iHJOi?OIﬂGUIC-DaS(:‘d functions. A possilile sophistication

Henning F. Harimuth
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Communication theory was founded on the system of
sine-cosine functions. A more general theory has be-
come known more recently; it replaces the sine-cosine
functions by other systems of orthogenal functions, and

“the concept of frequency by that of sequency. Of these

systems, the Walsh functions are of greal practical
interest since they lead to equipment that is easily im-
plemented by semiconductor technology. Filters, multi-

plexing equipment, and a-voice analyzer/synthesizer.
_have been built successfully for Walsh functions. Some

interesting applications of electromagnetic Walsh
“waves have been found theoretically.

Traditionally, the theory of communication has been
based on the complete, orthogonal® system of sine and
cosine functions. The concept of frequency is a con-
sequence of these functions, since frequency is defined
as the parameter fin sin 2a/7 and cos 2w/, The question
arises whether there are other systems of functions on
which theories of similar scope can be based, and that
fead to equipment of practical interest. Since sine and
cosine form a system of orthogonal functions, it is reason-
able to investigate other systems of orthogonal functions.

Figure 1 shows three orthogonal systems: sine-
pulses,
for which the normalized time 0 = /T is the variable.
The block pulses are representative of several pulse shapes
used for time_multiplexing. The notations sal (7, 0) and cal
(i, §) arc used here for the Walsh functions. (The letters s
and ¢ allude to the sine and cosine functions which are
closely related to Walsh functions; the letters o/ are de-
rived from thc name Walsh.)18

Block pulses form an incomiplete systen; sine-cosine

and Walsh functions form a complete system. Explicitly,
the difference is that additional sine-cosine or Walsh

* The two functions £(j, x) and f(k, x) in Yig. 1 arc orthogonal

in the interval-- % < x < % if theintegral
1/,_, - .
f,‘ 1/, SU, X) flk, x) dx

is zero for j 34 k. They are ortbogonal and normal or orthonormal
if the intcgra[ cquals 1 for j = k. A system of functions {f(j, )},
orthogonal in a certain mtuval is called complete if any function
F(x) quadratically integrable in that mtuml can be represented

by a su osition o \, f'u ctions £, x) with a \am:.hms, nican-
square d !é.prove elease
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functions may be drawn in Fig. 1 for i = 5,6, ... in the
interval —% < 0 < %, but no other block pulses are

orthogonal to the eight shown. Practically, the differ-

ence between complete and incomplete systerns of func-
tions is shown by the existence of elaborate theories
bascd on sine-cosine functions for antennas, wave-
guides, and filters; no such theories exist for block
pulses although used in communications much longer.

The Walsh functions in Fig. 1 assume the values -1
and —1 only—a useful feature if circuits are to be con-
structed with binary digital components. The functions
cal (i, 0) and +/2 cos 2iv0 are symumetric (even). The func-
tions sal (7, 0) and /2 sin 2iw8 arc asymmetric.

In Fig. 1, the paramcter / in 4/2 sin 2i7@ and V2 cos

2iw0 gives the number of oscillations in the interval
—1 < 0 < Y% (that is, the normalized frequency § ==
fT). One may interpret § as “one half the number of
zero crossings per unit time” rather than as “oscilla-
tlons per unit time.” (The zero crossing at the left sxdc

= -1 but not the onc at the right side, § = --1%4,
of the time interval is counted for sine functions.)

The parameter i also equals one hall the number of
zero crossings in the interval — % < 8 < ¥ for Walsh

* functions. In contrast to sine—cosine functions the sign

changes are not equidistant.§ If, unlike Fig. 1, i is not
an integer, then it equals “ore half the average number
of zero crossings per unit time.” The term “normalized
sequency” has been introduced for i, and ¢ = /T is
called the nonnormalized sequency

Sequency in zps = % (average number of zero crossings
{ |

per second)

The general form of a sine function 17 sin (2n/r -+ o)
contains the parameters amplitude ¥, frequency f; and
phase angle «. Thc general form of a Walsh function
V sal (¢7, /1" -I- t/T) contains the parameters am-
plitude V, sequency ¢, the delay fo, and time base 7. The
normalized delay, 1/7, corresponds to the phase angle.
The time base 7 is an additional paranieter and it causes
a major part of the dilferences in the applications of sine-
cosine and Walsh functions.

t The first five Walsh functions look like heavily amplitude-
gpgd sine or cosine functions and have equidistant sign changes.
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. Complete systems
Sine and cosine funciions

,Walsh functions

Incomplete systems
Block pulses

ment has changed the approach to filter synthesis, con-
sider the role of the capacitor and coil, which until re-
cently were the most desirable components of filters.
Such frequency-selective filters are linear, time-invariant,
- and thus a theory based on sine-cosine functions has
indisputable advantages. But filters based on Walsh
functions are linear aird periodic time-variable, Generally
speaking, the transition from sinc-cosine functions
to other complete systems of orthogonal functions means
a transition from linear, time-invariant components and
equipmenl to lincar, time-variable components and equip-
~ment, which, of course, constitute a much larger ¢lass.
Figure 2 lists features of sinc-cosine functions, Walsh
functions, and block pulses. The mathematical theory of
Walsh—Fourier analysis corresponds to the TIfourier
analysis usced for sinc-cosine functions. There is no
theory of similar scope for block pulses, because they are
incomplete,

* Walsh functions are ¢losely related to Hadamard matrices,
These matrices are orthogonal, consisting of square arrays of
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"FIGURE 1. Orthonormal systenis of functions.-
Another alternative Sinc and cosine transforms of a function I7(0) arey
So far, Walsh functions are the only known functions "
with desirable features comparable to sine--cosine func- a,’ (u) = f F(0)/2 sin 2mul df
tions for use in communications.* Development of semi- —e m
conductor technology has imparted practical interest in @ N )
them at this time. As an example of how this develop- a’ (1) = f F(0) \/2 cos 2mp8 df

The corresponding sal and cal transforms of Walsh—
Fourier analysis are defined by

a, (1)

t

f F) sal (u, &) do

a (v) = f F(O) cal (i, 0) 40

FO) = f [as () sal (e, 0) -1 ao (u) cal (u, O] die (3)
wherep = ¢Tand 0 = /T

Walsh-function filters
Tigure 3 shows the block diagram, the time diagram,
and a practical circuit of a sequency low-pass filter based

{ The functions of Fig, 1 are defined in a finite interval but may
be continued periodically to infinity, The partameter § is an integer
and assumcs denumerably many values, These functions are used
for Fourier and Walsh-Fouricr scries expansions. The functions
used for the Fourier and Walsh~Fouricr transforms in Eqs. (1)

nd (2) are defingd in the infinjte interval. The parameter g may
: CU-RER78:05576 4000160010009 vony vales.
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Walsh Func“ons Block Pulses

Amplitude Amplilude

Sequency
Delay Pulsc position
_-Time base

Pulse width
Walsh-Fourier analysis
Sequency speetrunt

" periodically time vari- Time variable, linear

able, linear R

Alteauation as func-
tion of time
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attenuation and delay

Sequoncy diVlSlon Time division

Amplitude, pulse
position, pulse

) wmt h modulation

—Amplltude, tlme pO“l
tian, tirne baso code
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s o)

FIGURE 2. List of features and applications of sirne-cosine

functions, Walsh functions, and block pulses.

'FICU*M-'& Sequency low-pass filter, Top to hotton: prccn-
cal circnit, block circuit, time diagrams.
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on Walsh functions. The input signal, F(#), is trans-
formed into a step function, F7(6), with steps of a
certain width, by integrating F(0) during an interval equal
to the step width (scc line ). The amplitudes of the steps
are chosen so that Fi{(0) yiclds a lcast-mean-square
approximation of J(0). In addition, F11(®) is delayed
with respect to F(0) by one step width. The voltage ob-
tained at the end of the interval is sampled by the switch

. s, and stored in the holding circuit SP. Immediately

after sampling, the integrator is reset by si. If the width
of the steps is 125 s, F1(0) will have 8000 independent
amplitudes per sccond, Fij(0) may be considered to
consist of a superposition of Walsh functions having
0 to 8000 zero crossings per second or a sequency between
0 and 4 kzps.-The output signal of a frequency low-
pass filter with 4-kkz cutolf frequency also has 8000

o mdcpcndcnt amphtudm per second. Heuce, the sampling

_ theorems of Fourier and Walsh-Fourier analysis permit

. the comparison of frequency and sequency filters.
Consider the multiplication theorems of singand cosine
shown in Fig. 4. The product of these two functions always
yields a sum of two functions with argument (e — 00
and (k -~ N0. Tet cos i and sin {0 represent carriers and
et cos %0 and sin 46 represent Fourier components of a
signal. The terms on the right sides of the multiplication
theorems of ¥Fig. 4 represent “lower™ and “upper com-
ponents” produced by amplitude modulation. Lowcr
and upper sidebands are obtained if o carrier is amplitude-
moduiated by many rather than by one Fourier o
ponent. Hence, double-sideband modulation is a result
of the multiplication theorems of sine-cosine functions.
Figure 4 also shows multiplication theorems for Walsh

S I L Lo oL '
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2cos kO cosiD =cos (k-0 -f-cos (k -+ )0
2sink0 cosi0 ==sin(k--1)0 +cos (x-+N)O
2¢05 k0 sinif = —sin (k)0 -+sin(k+1)9 .
2sinkO sinif =cos (k-0 ~-cos (K419

cal (k,0)cal (i,0) =cal {k (D 1,0}

sal (K, 0) cal (i, 0) = sal {{i @ (k- 1))+ 1,6}

cal (k,8) sal (i, 9)-_5a!{[k @G~ I+1,6}

sal (k,0) sal (,8)=cal {(k - 1) D GE-1, o)
. cal (0, O)__\.'a[ (0, O) ’

FIGURE 4, Multiplication theoreins of sine-cosine and

Walsh functions.

FIGURE 5. Scquency bandpass filter (A) and multiplier
for Walsh functions (B).

ORI : J
S R
o_aLf f
T
cal (i,0)
A sal (i,())l>
B — T
v
3—]:{: ) ” V3_—V1v2
. )*l
according to the rules 1 @0 =0 @1 =1,0 @O =

1 @1 = 0(no carry). The point is, the product of two
Walsh functions yields only onc Walsh function and not
two. Let cal (7, 0) and sal (i, 0) represent carriers and
let cal (k, 0) and sal (k, 0) represent Walsh-T*ourier coni-
ponents of a signul. The amplitude modulation of a
Walsh carrier yiclds only one component or only one
(sequency) sideband,

A typical application of the multiplication theorems
of Walsh functions is in the design of sequency-bandpass
filters. Figure 5 shows the operating principle of such a
bandpass. The input signal F(0) is shifted in sequency
by multiplication with a Walsh carricr, cal (7, 8) or sal
(¢, 0), and then passed through a sequency low-pass
filter LP shown in Fig. 3. The filtered signal is subse-
quently shifted to its original position in the sequency
domain by multiplication with the same Walsh carrier
used to shift the input signal. Figure 5 also shows a

typical mutiiplidApproved farRelease: 2005/1121
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FIGURFEG (ieft). Fnltmm; of a cmu:mcm! voltage by various
sequcncy filters; (£) is a sinusoidal function, freguency
250 Hiz, Time base T == 1 ms; horizontal scale 0.5 mis/div,
The following funclions pass through the filters: (8) cal
(T, 1/7), 0 < o< 1 kzps; (C) sal (0T, 1/T), 0 < < 1 lzps;
(D) cal (T, t/T), 1 kzps < o< 2 kzps; (E) sal (o7, /1), 1
kzps < < 2 kzps; (F) sum of B and C; (@) sum of B, C, and
D; (H) sumi of B, C, D, and F, (Courtesy Boeswetter and Klein)

FIGURE 7 (right). Amplitude svectra of sinsoidal voliages.

Line (A) represents sinusoidal voltages; frequency 1 kHz
N - 3

various phases; horizontal scale 0.1 ms/div. Lines (B) and
(C) are amplitude specira aleT) and a(T); time base T ==
1.6 ms; horizontal scalc 625 zps/div. (Courtesy Boeswetter
and Klein)

FO)is multmhcd by only —H or —1, Multiplication by
-I-1 leaves the signal unchanged; —1 reverses amplitude.

Sequency fillers based on Walsh functions have been
built by Boeswetter (Technischc Hochschule, Darm-
stadt, W. Germany) for a voice analyzer and synthesizer,
and also by Lucke and Maile (AEG-Telefunken, Re-
scarch Department,-Ulm, W. Germany) for a telephony
muliiplex system. In the latter application, a minimum
crosstalk attenuation of about —60 dB was achieved in
the stop bands. Suzh high-quality filters differ, of course,
from the circuits shown in Tigs. 3 and 5. Vandivere
(Telcom Inc., Mclean, Va.) has developed scquency
filters for a siznal analyzer. .

Decomposition ol voice signals by Walsh functions
first scems 1o have been investigated theoretically by
Sandy?® in 1962, Another carly investigalor of sequency
power spectra was Qhnsorg (Honeywell Inc,, St Paul,
Minn.) whose work has not yct been published., Klein

: ClA-BLRAB-08576AN00DA003Q009 Germany) has
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FIGURE 8. Block diagram of a sequency-multiplex systera for 1024 telephony channels.
Designations are: MT, seguency low-pass filter; b, multig sliers; §, adder; FG, function
generator; TG, clock pulsc c.xerator, SG, timing gencrator for the filter.

shown experimentally for some simple cases that voice
signals have sequency formants just as they have fre-
quency formants. Work on voice signals was also re-
cently started by Elsner (Technische MHochschule, Braun-
schweig, W. Germany) and Strum (Mitre Corp., McLean,
Va.). C. Brown (Systems Research Labs., Daylon, Ohio)
is investigating signal processing techniques using sc-
quency spectra for the purpose of detection and recogni-
tion of signals in noise, signal sorting, and signal paramctcr
identification. :

Figure 6 shows oscillograms of a smusomhl vollage
(A) and the voltages it produces at the output of various
sequency low-pass filters (B, F, G, H) and scquency
bandpass filters (C, D, ). Figure 7 shows sinusoidal
voltages of fixed frequency and their sequency amplitude
spectra a¢ (1) == a; (¢1) and a; (1) = a; (¢7T).

Signal multipiexing
The multiplication theorems of the Walsh functions

“ make signal multiplexing an attractive application,

Figure 8 shows the principle of a sequency-multiplex

" gystem for 1028 tclepliony channcls. Analog or digital

signals are fcd through sequency low-pass filters MY to
multipliers M. Yor voice signals the bandwidth of these
low-pass filters is A = 4 keps. Thirty-two carriers, 7y to
7', consisting of Walsh functions cal (4, #) and sal {7, O)
arc fed to the multipliers.® The time basc of these Tune-
tions equals A pf2 = 125 us. Each of the output vollages
of the 32 multiplicrs is sumuued by the adders Si 1o Sa

* Rules for the selection of carriers that avold crosstalk and

waste ofApproyvedForReleasei20056f1 1121 lfl@IALRDP’Y'BuOgFWGA'GOG‘TG

tion theorems of the \V‘\Ibh functions.

These summed voltages may further be multiplied by
another set of multipliers with other Walsh carricrs,
denoted 7% to Ty in Fig. 8. A sequency-multiplex sys-
tem permits repeated sequency shifting just as a frequency
multiplex system permits repeated frequency shifting.
The signals arc scparated at the receiver by multi-
plication with the same synchronized Walsh carriers
wsed in the transmitter. The block diagram of Fig. 8

" differs from that of a frequency-multiplex system only

by the missing single-sideband filters, The circuitry in-
side the blocks 1s, of course, very dilTerent.

A scquency-multiplex system according to Fig. 8
has been developed by Lucke and Maile. The system is
dosigned for 256 voice channels, of which three are fully
completed.T More channels are presently being added by
Hucbner!? of the West German Post Office Department
‘in preparation for icsts on post office lines. One of the
tests will be the transmission of PCM voice signals via
a scatter link, since, compared with time-division PCM,
a gain of some 3 dB is predicted for this application. A
Walsh-function tracking filter is used in the equipment of
Lucke and Maile to establish synchronization between
transmitler and receiver. The synchronization is good
enough to yield a crosstalk attenuation of --57 di3, or

.better, in back-to-back operation. Crosstalk due to all

§ Development  of sequency- -multiplex  equipment  was  also
started at ETH Zurich (Swiss Federal Tustitute of Technology,
Institute for Advanced Electrical Engineering) and at the Rese au.ll
Tnstitute of the West German Post Office Depactment in Darin-
stadt, Considerable theoretical work on PCM transmission by
Walsh functions was done by Taki aud Hatoritt of Tokyo Uni-
Qg‘_sl also been reportad by Cox
~aboratory, Cambridge, Mass,

of the In»ummut
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FIGURE 9. Digital sequency filter.

cau ses is -—53 dB or better in back-to-back operation.
Using a compandor (compressor plus expander), the
apparent crosstalk attenuation could be made some —75
" dB. These figurcs are, of course, in excess of that required

for good PCM transmission. :

Scquency-multiplex systems do not nwd single-side-
band filters. The low-pass and bandpass filters required
do not causc atfenualion or delay distortions. These
featurcs are highly important for data transmission.
All filters can be implemented by integrated circuit tech-
niques. No individual {uning ol the filters is required.
The bandwidth of the filters is determined by the timing
of the pulscs that drive the switches s, and s. in Fig. 3;
correct timing of the pulses replaces the tuning of filters;
no femperature compensation is needed, The Walsh
carricts can be produced by means of binary counters
and gates, The only part in a sequency-multiplex system
that requires tuning and tcmperature compcensation is
the clock pulsc-gencrator.

Time-multiplex systems do not nced single- SIdcbmd

filters either, and they are also well suited for imple-
mentation by semiconductor technology. The advantage
of a sequency-multiplex system here rests with reduced
sensitivity to disturbances-—~brought about by two causes

1. Only a fraction of all channels is active in a muliiplex
system at any one time. Yor instance, the activity fuctor
of a telephone syqtun' does not exceed onc quatter even
during peak traflic.* Hence, the power amplifiers are not
used three quarters of the time and the average useful
signal power is reduced correspondingly in a time-multi-
plex system. Scquency-multiplex systems yield a higher
average signal power for equal peak power. Particularly
advidntageous is that the average power can be maintained
approximately constant by means of automatic gain-con-

* The activity factor gives the numbcer of channels actually
carrying signals, Tt is smaller than ane during peak traflic because
one party must listen while the other one talks, because there are

idle periods in CO'A rfoved For Rétease 2006/ 11121 :

able is not immediately used, cte,

Harmuth—--Annlications of Walsh functions in conmmunications
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0}10 '
the activily facior dmpc during low-

ampltf
traflic hours. It is also noteworthy that thc scquency
bandwidth of a sequency-multiplex signal is not changed
by a nonlincar compressor or expander characteristic;
hernice, scqucncy -multiplex signals can I'bﬂdl])’ be passed
through instantancous compandors.

2. Digital signal crrors during transmission through
telephone lines are mainly. caused by pulse-iype distur-
bances. Time division is morc susceptible to these dis-
turbances than frequency or scquency division since a
pariicular block pulse may be changed appreciably by a
disturbing pulsc, although the preceding and the following
pulses are not changed at all. Tn the case of frequency or
scquency  multiplexing, many sine-cosine or Walsh
pulscs arc transmitted simultancously. The energy of a
disturbing pulsc is thus spread over many signal pulses.
Only considerable cnergy can disturb signal pulscs that
are quantized. Measwrements with binary sine-cosine
pulses have yiclded-—-and theoretically Walsh pulses
should yield- —error rates 100 times smaller than for block
pulses having the same average power,

There are several additional—although not so im-
portani—-differences between time- and scquency-multi-
plex systems. For example, equipment for lime division
is often less expensive; sequency multiplexing is more
adaptable 1o the problems of communication networks
and makes it casier lo mix voice and data qu)mls with

different average power.

Digital filteving and multiplexing

One of the most promising aspeets of Walsh functions
is the easc with which filters and multiplex equipment
can be implemented as digital circuits, The reason is
that numerical Walsh-Fourier transformation and nu-
merical sequency shifting of signals require swmmations
and subtractions only. In the.case of sine-cosine func-

‘tions, the corresponding operations require multiplica-

tions with irrational pumbers. The simplification of
numerical computations by the use of Walsh functions
has been recognized by many scientists, 1217

Figurc 9 shows the block diagram of a digital fiter
based on Walsh funciions. The input signal passes first
through a sequency low-pass filter LP that transforms it
into a step function, This step function is sampled and
the samples are transformed into numbers by an analog/
digital converter. A series of these numbers is stored in a
digital storage S7. A Walsh-Tourier transform of this
series Is obtained by performing certain additions and
subtractions in the arithmetic unit AU, Some or all of
the obtained cocflicients, that represent sequency com-
ponents, may be suppressed or altered—in eflect, a filter-
ing process. An inverse Walsh-Fouricr transform yields
the filtered signal as a series of numbers. These numbers

arc stored i a sccond digital storage S7 and transformed

into an analog signal by digital/analog converter DfA.
Since there is a fast Walsh-Fourier transform just as there
is a fast Fouricr transform, the arithnictic operations in a
digital sequency filter aré not only simpler than in a
digital frequency filter but can be performed faster, 19 1521

Voice signals are functions of the onc variable, time.
A black-and-white photograph iz a function of two space
variables, and a black-and-while television picture is a
function of two space variables and time. Digital filters

0ss7eARod BﬁO*’ﬁgrb‘ e dimensonn
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FIGURE 10. Electric and magnetic field strengths in the near and wave zones due to a
current q{t) fed into a Herizian dipole. The functions on the right show the time vari-
ations caused by a Walsh-shaped current g(i).

Walsh-Fourier transform.* This has been donc by
Pratl, Kane, and Andrews!® Jor functions of two vari-
ables. Roth and Lueg (Technische Iochschule, Aachen,
W. Germany) as well as Held (Technische Hochschule,
Darmstadt, W. Germany) and Klein have also re-
cently started to develop digital sequency filters. A very
general method for digital signal filiering—not restricted
to Walsh functions—was devised by Andrews?? and
Caspari (International Telephone and Telegraph Corpo-
ration, Electro-Physics Laboratories, Hyattsville, Md.).
Digital multiplexing is a straightforward extension of
digital filtering. Rather than multiplying signals and
Walsh carriers represented by voltages, one multiplies
signals and Walsh carriers represented by series of nuwm-
bers. Multiplexed signals are again represented by a series
of numbers that may be transmitted by any digital com-
munication equipment. The promising feature of such
a digital-sequency-multiplex system is that it has ecssen-
as the pre-
viously discussed analog-sequency-multiplex equipment,
but is compatible with existing transmission equipment,

Eleciromagnetic Walsh wave
At the present time, smusmdu] electromagnetic waves
cxcluswdy are used for radio communication. Such

* Analog filters based on sine-cosine functions can be im-
plemented for functions of two space variables by optical means.

Analog filters based on Walsh functions can be |m|>lmm\tu' with*
relative ease for functions of two space variables by resistors and
opuatlmml amplific u, their implementation for functions of two

N

vaves arc characterized by a sinusoidal variation with
time of the electric and magrctic field strengths X, 8
and H(r, 7). These ficld strengths are produced by feeding
a sinusoidal current into the antenna.,

Figure 10 shows the time variation of electric and
magnetic field strengths for a Walsh- shaped current (1)
fed into a Hertzian dipole. A typical current is shown
in the first line. E(ro, £ and IX(re, #) arc the ficld strengths
in the near zone, B, 1) and H(r.., 1) the field strengths in
the wave zone, Zo (377 ohms) is the wave impedance of free
space, ¢ the velocity of light, » the distance between dipole
and observation point, r the vector from dipole to the 0b-
servation point, and s the dipole vector. The spatial

_variation of K- and - depends on the vectors s and r;

it is the same for sine, Walsh, and other waves. The time

variation depends solely on the current ¢(#) fed into the

Fertzian dipole. This time variation is plotted in Fig. 10
on the left for the near zone and the wave zone of E and
I1. In the wave zone, one obtains Dirac delta functions for
I: and Il that arc located at the jumps of g(r — rle).
The time variation of I in the ncar zone equals ¢{r —
r/c); the time variation of IE equals Sqlt == rie) di.

The wave zone of E and I is the region in which the
distance # between dipole and observation point satis-
fies the conditions shown in the bottom line of 1
10. In the near zone, the “much larger” signs in the
incqualitics are replaced by “much smaller” signs. These
conditions have the more familiar form r >> N or
r << \ for sinusoidal currents g{©) = [I'sin 2uft == I sin

space \u\ll & v 10} /
p ApprovedforiRelease 2008/11/214 ClA- RDB?S’ 62’»576400 1Q993¢999§§Jm of the field strensths

out the time vaviable, s pOSﬂb'L but expunsive.
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from the near and wave zones. E(te, 1 and EH(r., 0
decrease proportionally with 1/r, whereas E(vo, ) and
By, 7) decrease proportionally with 1/r? and 1/ Hence,
a comparison of the ficld strengths of the near and (he
wave zones allows the distance of the transtiitter to be
determined. This determination of course, requires the
time variation of the near- and the wave-zone components
to be differont in order to distinguish between them.
A sinusoidal current g(f) produces sinusoidal near-zone
and wave-zone components since the differential as well
as the integral of a sine function is sinply a time-shifted
sinc function.

A Herlzian dipole radiates vanishingly litile power.
Many such dipoles may be used simultancously to radiate
more power. Figure 11(A) shows several Hertzian dipotes,
cach fed by one generator. In the case of sinusoidal waves,
one may feed many Hertzian dipoles by a single high-
pov-er generator using standing wavces in a hall-wave or
similar dipole [Fig. 11(8)]. This is also possible but not
economical for Walsh waves. Since a generator for
Walsh-shaped currents consists of switches that feed
positive or nogative curcents into the dipole, it is better
to feed many Hertzian dipoles through many switches
as shown in Fig. 11{C). These switches must feed constant
currents and not constant voltages (o the dipoles. Cur-
rent feed is automatic if the switches are semiconductors.

The Hertzian dipoles D7 i Tig. 1 1(C) are circular arcas
of conducting material. They do not have to be arranged
along u line as in Fig. 11(C), but may be arranged in
two dimensions. Such a two-dimensional arranpement,
however, cannot be used for antennas that use the
standing-wave principle such as the one in Fig. 11(B).

. CIATRDPT$.03576A000T000 fopeey! 4() from the

idea! shape shown in Fig. 10 must be {aken into account

Ny
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FIGURE 13. Principle of the separation of two Walsh waves in mobile radio conununication.

if the directional chavacteristic of an antenna, consisting
of many Hertzian dipoles, is 10 be determined. For ex-
ample the idealized current, 7 cal (3, ¢) shown on the
first line of Fig. 12 is not achievable since it is not pos-
sible to swifch back and forth between -7 and —7 in
zero time, The cwrrent ¢(7) with finite switching times
A7 is morce realistic, The time dilTerential dg/dr of the
current g(7) is shown in the third line. Narrow, rectangular
pulses with finite amplitude-—not della pulses——result.

A row of Hertzian dipoles is shown at the bottom of
Fig. 12. The length of this row is 2; each dipole is short
compared to cAt. Lel a current ¢(f), as shown in the second
line of Fig. 12, be fed into cach dipole. A radiation dia-
average radiated power in the
wave zone as funclion of the angle «. A typical radiation
diagram is shown in Fig. 12 by the solid linc above the
row of dipoles. The dashed line is the envelope of the
main lobe and the sidelobes, This dashed line is a func-
tion of ¢Ar/D, where ¢ denotes the velocity of light and
Ar the switching time of the current ¢(7). A reduction of
Ar makes the dashed line approach zero for angles o 54 0,
and the antenna radiates inlo a vuy narrow angle for
small Ar.

The location of the zeros of the solid curve in Tiig, 12
depends ont the ratio N/ D and the normalized sequency
i of the Walsh waves. (\ is the average wavelength.)

The following definitions apply to cal G, 1/7):

cal (i, #7) == cal (o7, /1) = cal (cT YN, 1JT)

where N = ¢f ¢ = ¢77fi = average wavelength, ¢ == i7" =
sequeney, and /= 1, 2, -+« = pormalized sequency.,

Iy —

determined by the ratios N/D and cAr/D, and by the
normalized sequency i The important point is that
a ruducuon of Ar yiclds a significantly better dirce-
tivity without a need to decreasc N or increase D. These
results not only hold true for a row of dipoles in Fig.
12, but also for other antenna shapes, particularly para-
bolic reflectors. (D represents the reflector diameter.)

“Maintaining orthogonality after time shifting

1t is known that orthogonal functions-—for example,
voltages or ficld strengths varying with {ime—can be
separated. Tt is not necessary that this separation be by

-frequency or time division; the more general orthogonal

division is suflicient.’ Hence, a point-to-point trans-
mission is perfectly possible with Walsh waves. Mobile
communication is more diflicult, since waves radiated

-{rom various transmitiers show various time shifts at the

receiver due to the propagation times of the waves.
These unknown time shifts generally destroy the orthog-
onality of the received functions. Up to now, the only
known exception has been sine waves. A time shift
destroys only the orthogonality between sine and cosine
functions of the same--not dilferent frequency.®

Walsh waves in the wave zone are a second exceptiont
and may also be separated regardless of any time shift.

¥ The relation sin (et -1- +) == sin  cos «f - cos + sin ef
shows that a time-shifted sine function consists of not-shifted
sine and cosine functions with the same frequency. Any function
01tho"0ml to sin wf and cos wf is thus orthogonal to sin (c? -}~

The dlAppl"O’VGﬂ zFoaneiease 2005tt2by ClA- RqPZQ Q3§ %9%11919&1Qtocqg&lnu:ucd Walsh functions

ratio \/1) for sinc waves. In the case of Walsh waves it is

according to Fiu, 10 rather than the shape of the Walsh functions,
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@3, 1/7); Yine two shows its differential, which represents
the time variation of the electric and wmagnetic fcld
streneth in the wave zone—Dirac pulses at the jumps of
cal (3, 0). (Vhe deviation from this theoretical shape is
neglected here, just as it s usual to neglect other thas
idealized, infinitely long sine functions.)

Linc three shows another Walsh function, cal (5, 0 —
1/40), time-shifted relative to cal (3, 0); line fout shows
its differential; line five shows the sum of lines two and
four. This sum is received il one transmitier radiates the
wave cal (3, 0) and another the wave cal (5, 0). The voltage
produced in the receiving antenna also varies with time
according to line five. As shown by line six, a gate per-
mits those pulses to pass that arrive at the proper time;
the pulses of line seven are thus derived from those of
line five. These are the same pulses as those of line two.
Hence, the desired signal is separated from the non-
desired one.® Integration of the pulscs of line seven yiclds
the function cal (3, Hand a superimposed de component
inline cight. The dc component is of no consequence.

Lines ninc to 16 in Tig. 13 show what happens if cal
(3, 0) and cal (5, 0) arc not time-shifted relative {o cach
other. This case cannot occur if the Dirac pulses in lines
two and four as well as the gating intervals in line six
are infinitely short, but it is important for the practical
pulses of finite duration. (More precisely, the probability
of this case to occur is zero.) Lines nine to 13 correspond
to onc to five except for the time shift, The gate, however,
opens 16 times according 1o linc 14. Integration of the
pulses passed (line 15) yiclds the sum, cal (3, 0 -1- cal
5, 0) -+ de component wal (0, 0) [equals cal (0, 0)] in line
16. Correlation of this sum with a sample function cal
(3, 6) suppresses the components cal (5, 0) and wal (0, 0).
The general rule for the opening times of the gate is as
follows: _ : -

Lot an arbitrary mumnber of {ransmitlers radiate Walsh
waves cal (i, 1/1), cal (iey tfT), - -+, and Jet the normalized
sequencies fy, I, +++ assume values from 1 to 2% only
(k = intcger). The gate must open perjodically 2 X 2%
times during the time 77 and allow pulses to pass. Tix-
ample: i1 equals 3 and i equals 5 in ¥ig, 13, linc nine,
These numbers are between 1 and 8 = 23 == 2%, llence,
the gate of line 14 must open perilodically 2 X 8 = 16
times during the time 7" (the interval —7/2 < 1 < 772

corresponds to the intervel —% < 0 = /7 < 1-1). -

The time interval during which the gate stays open should
be about as wide as the received pulses.

* The problem of separation is essentially the same as for syn-
. chronous reception of sinusoidal waves, Walsh waves of different
sequency can be distinguished and thus. separated like sine waves
of dillerent frequency. On the other hand, two waves caused by
antenna currents I sal (i, ) and I cal (i, 6) caunot be clistinguished
without a synchronization signal just as two waves causad by
antenna currents Josin ef and I cos ot cannot be distineuished
without a synchronization signal,
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